ON SCATTERING BY A CYLINDRICAL 
TRAP IN CRITICAL CASE 
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' Abstract. We consider a two-dimensional analogue of Helmholtz resonator with 

walls of finite thickness in the critical case when there exists an eigenfrequency 
equalling to the limit of poles generated by both the bounded component of the 
resonator and by the narrow connecting channel. Under assumption that the limit 
' eigenfrequency is simple one of the bounded component, asymptotics of two poles 

converging to this eigenfrequency are constructed by using the method of matching 
asymptotic expansions. The explicit formulas for the leading terms of asymptotics 
for poles and for the solution of the scattering problem are obtained. 
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We study the case where the cross-section of the cyhndrical scattering object is 
^ i asymptotically homeomorphic to ring. Perturbed domain is formed by both the 
^ I components of the limiting cross-section exterior (the bounded domain O*"^ and 
Ph' unbounded domain Q^^) and the narrow channel Xg connecting them and having 

f-| ■ the "diameter" of order e << 1. The corresponding mathematical model (both 
! for perturbed and limits problem) is described by the Neumann boundary value 
^ I problem for the Helmholtz equation. It is also known ([!]) that the analytic contin- 
uation of the perturbed solution in this case (in contrast to the case of the Dirichlet 
boundary condition ([2])) has two series of poles with small imaginary parts. The 
limiting set for the first series is a set E*"^ of eigenfrequencies (square roots of the 
', eigenvalues) of the Neumann boundary value problem for —A in O*"^ (the limit 
internal problem). The limiting set for the second series is E^'^ = {rmv/h}'^^i, h is 
the length of the connecting channel. Brown, Hislop and Martinez [3] considered 
two situations assuming that a limiting frequency ko is a simple eigenfrequency be- 
longing to E*" and separated from T,'^^ or, on the contrary, ko G E'^'^yE*". For these 
situations they showed that the analytic continuation of the Green function for the 
perturbed problem has the only simple pole converging to /cq as £ ^ and there 
is only one generalized eigenfunction associated with this pole. In [4] the explicit 
formulae for the leading terms of both these characteristics and peaks for solution 
to the scattering problem for real frequencies k close to ko were obtained employing 
the method of matched asymptotic expansions [5-7]. These formulae implied that 
for both cases the solution of the perturbed problem differ from one of the limiting 
problem at a quantity 0{1) in the resonator exterior (i.e. outside bounded compo- 
nent and connecting channel). Inside the bounded component (trap) the behavior 
of the perturbed solution was really different for these cases, for frequencies close 
to ko G E*"\E'^'^ it was of order 0{e~^), while for frequencies close to E'^'^\E*"^ it 
was bounded. 
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In this paper we analyze a critical case assuming that the limiting frequency ko is 
a simple eigenfrequency of interior limiting problem and, at the same time, belong 
to S^'^. The results of this work were announced in [8]. 

§1. Description of the problem, preliminary 
notes and formulation of the results 

Let il*"' and Q be simply connected bounded domains in R^, Cl^"" c ^l'^^ = 
R2\n, e C°°, X = {xi,X2). The domains Q.''' and n^"" are supposed to 

coincide with the half-plane 0:2 > in the neighborhood of the origin and the 
half-plane X2 < —h in the neighborhood of a point = (0, —h), respectively. We 
postulate that the interval {—h, 0) lying on the axis Ox2 not to contain the points 
from f]*" U fl'^^. The domains il*" and fl^^ are the interior and exterior of the 
resonator 

= n'"" u n^"" u xe, 

respectively, where Xg = {eco^, suj-^) x [— /i, 0] is the connecting channel, a;_ < uj^ 
are arbitrary constants. 

It is known that the scattering of both the Jf-polarized fields on an ideal conduc- 
tive cylinder with cross-section fig, and the plane acoustic waves on an ideal rigid 
cylinder with cross-section are described by the solution of a boundary value 
problem 



(A + k'^)ue = F, xe^s, = 0' ^ ^ ^^s, (1-1) 

«^ = ^(;J7^)' ^ - = « (;J7^) ' (1-2) 

where r = is the outward normal, k > 0, and F is a square integrable function 
with finite support in fl^^. For the acoustic scattering, Ug is the potential of the 
velocity. For ilf-polarization F denotes the third component of the vector — rotj in 
the case where the current vector j is perpendicular to a generatrix and electro- 
magnetic field is of the form Hg = {0, 0, Ug}, Eg = —ik~^ (rot Hg — j). Throughout 
in what follows by interior (exterior) limiting problem we mean Neumann value 
problem for the Helmholtz equation in (in Q'^^). 

It is known (see, for instance, [9]) that for positive k the boundary value problem 
(1.1), (1.2) and the exterior limiting problem are unique solvable, and their Green 
functions admit analytic continuations in a complex plane with a cut along the 
negative real semi-axis, which, for fixed e, have discrete sets of poles Eg and Tj^^, 
respectively, lying below the real axis. As it was mentioned above, it was proved in 
[1] that in each small neighborhood of a nonzero element fco G S = E*"' U T,'^^ U S'^'*, 
there exists pole Tg G Eg, for e enough small, and, visa versa, if a compact K is 
separated from E, then n Eg = 0, for all e enough small. 

In cases, when ko G E™\E'^'^, E^"^ is the set of simple nonzero eigenfrequencies 
of the interior limiting problem, and when ko G E'^'*\E*"', there exists one pole (in 
each case) converging to ko ([4]). Since we consider solutions of (1.1), (1-2) for 

> 0, and the pole Tg is complex, in both cases the solutions are most perturbed 
when k = k{e) — ReTg-l-O(ImTg). We will call such positive frequencies as the peak 
regime. Let S{t) and S'^^{t) be the disks of radius t with their centers at the origin 
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an at x^^\ respectively, G'^'^{x,y,k) {G'^^{x,y,k)) be the Green' function of the 
interior (exterior) hmiting problem, u^^{x; k) be the solution of the exterior limiting 
problem, and i/j be the eigenfunction of the interior limiting problem, associated 
with a simple eigenfrequency ko G S^"^ and normalized in L2(n*"). In [4] it was 
shown that at the peak regime the leading terms of asymptotics of the perturbed 
boundary value problem (1.1), (1.2) reads as follows: 

Ue{x; k{s)) ~ ^Aiil;{x), x e f)^"\5(£^/2), (1.3) 

Ue{x; k{e)) ~ A2G'''{x, x^^\ ko) + w""(a;; ko), x e (^"^\5"^(£^/2)^ ^ ^^^^ 

^ ^ (1-4) 

for k{e) -^koe Ef'XJ:^^ and 

Ue{x;k{6)) ^ BiG'^'ix^O^ko), x e Q'^^XSie^/^), (1.5) 

Us{x; k{e)) - B2 ^^^(a;, x^^\kQ) + w^^(a;, ko), x e (Q^''\S^''{e^/^)) n S{R) 

(1.6) 

for k{e) — > fco G where Aj and Bj are some constants calculated explicitly 

and > is an arbitrary number. 

From (1.4) and (1.6) it follows that at peak regimes in both cases the solutions of 
perturbed problem differs from the solution of the exterior limiting problem at 0(1) 
in il^^. Exactly this difference was observed by Rayleigh for classical Helmholtz 
resonator (which is a sphere with the small connecting opening) in [10]. We call this 
effect as the exterior resonance. On the other hand, it follows from (1.3) and (1.5) 
that for peak frequencies the solutions to perturbed problem distinguish essentially 
each from other in Q*". For k{e) ko E S'^'^\S*"^, the solution is bounded and, for 
k{e) — > fco £ T,Y^\T,'^^, it increases as 0{e~^). We call the effect (1.3) as the interior 
resonance. Note, for the three-dimensional resonator with walls of finite thickness, 
in [11] the resonance is mean exactly in this sense, and the asymptotics of solutions, 
for k{e) ^ fco e E^'^\S^'^ and k{e) ^ ko e S1"\E^'^, were constructed in [12], [13]. 
Since the difference between (1.3) and (1.5) is great enough, it is interesting to 
consider the case ko G T,^^ fl E'^'*. Note that this critical case suggested to be 
analyzed is not very degenerated, because, for the fixed "main" trap O'", such 
situation can be easily achieved by a corresponding change for the length of the 
connecting channel (see definition of E^'^). 

Hereafter we will employ the notations: u is an interval (a;_, ujj^), — u^—U-, 
X* = {xi, -X2), 

(7= lim / |G"^(a;,x(o),fco)p(is. 

R—*oo J 

dSiR) 

The main goal of this work is to prove the following statement. 

Theorem 1.1. Let /to = ^ G Ef n E^'^. Then 

a) there exist two poles Te^^ G Eg (n = 1,2), converging to ko and having asymp- 
totics: 

00 i—l 

r^''^=ko + j:j:e^/'ln^er^-\ (1.7) 

i=l j=0 

3 



rS = (-1)"^(0) r<") = (-1)" (HY" 



2hJ ' 2,1 K J ^^^Q^ y^j^J 



(1.8) 



h) for k close to ko the solution of (1.1), (1.2) and its analytic continuation can 
be represented as: 



u4x;k) = -J2 , , \A / '^^^\y)F{y)dy^u,{x;k) (1.9) 
n=i (ri'^)) - A;2 -^K^ 

where Ue is a holomorphic on k function. //suppF C Q*^^ , then in Q'^^ Ue converges 
to the solution of the exterior limiting problem in 1^2, /oc(^^^) (i-e., on any compact 

set from Q'^^J and it converge to zero in fi'"" U in L2 norm; 

c) for "^/i^^ the following asymptotics hold in L2,/oc(I^^) 
*i-)(x) = ^^V'(^) + o(l), X e n^^\S{e'/'), 
^i-'Hx) = ^V'(0)(1 + o(l)), X e S{2s'/'), 

^i'^H^) = ^ j (sin(/coX2) + o(l)), X e xA(-S^^ (£'/') U S{e'/^)), 



X e 5""(2£i/2), 



where X is the function defined in Lemma 2. 2. 

I arises from (1.7) and (1.8) that in the case considered, the two peak regimes of 
the solution of the boundary value problem (1.1), (1.2) "having the same rights" 
reads as follows: 

k = k{e) = /Co + £'/'t{J) + £ln£ r^}^ + e^t + o(l)) (1.10) 

where t is any real number. Substituting (1.10) and the asymptotics from item c) 
of the theorem into (1.9), we obtain that, for such k the solution of the scattering 
problem obeys asymptotics 

u,{x;k) ^ -^cP{t)^l;{x), x G n^-\S{e'/'), 
u,{x;k) ~ ^cP{t)il;{0), x e S{2s^/''), 

usix;k) ~ -(-l)-cSr^(t) sinikoX2), x e xA(5^"(e'/') U ^(£^2)), 
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These formulas show that an interior resonance takes place in fi*" in both cases 
but it differs from (1.3) at order. 

§ 2. Construction of asymptotics 

Denote 

t 



rfin{ex),i,3 I -p. x _ ST^ iri 



(ex) d'i 



oo i 

where a^g" is the origin, Xq^ = x^^\ '^IT^ constants, [AT] is the integral part of a 

number N. The coefficients of tpT^^^^\x, k) are analytical with respect to k in some 
complex neighborhood of the point A;o, satisfy the equation (A + /c^)t/ = in 
and the boundary condition dU/dv = on dVt'^'^'^^^'>\{x^Q^'^^^}. For positive /c, the 
coefficients of series t(j^^{x,k) also satisfy the radiation condition (1.2). Therefore, 
outside the connecting channel and small neighborhoods of its edges, following to 
[4], we seek the complete asymptotics of the "eigenfunctions" as 

Ipi^'^x) = V'r(^^^(a;,Ti^)), X e niniex)^giniex)^^l/2^^ (2.1) 

where S^'^{t) = S{t), and Ji^^^^^^''^'^ in the definition of ipl^^^"^'^ depend on n. 

Remark 2.1. The function in (1.9) is not normalized, by ijj^J^'' in (2.1) we mean 
the function equalling '^^^^ up to scalar factor an{s). In § 3, it will be shown that 
an{e) = 1 + o(l) as £ — > 0. 

Remark 2.2. The constructions of asymptotics for and for associated generalized 
eigenfunctions are identical. Because of this and in order not to overload the no- 
tations in the text by the index of correspondence to a concrete pole ("n") we will 
omit this index where it will be possible (including the notations introduced above). 

In a small neighborhood of the connecting channel, asymptotics of i/^l"^ are 
constructed in the form: 

oo i 

Mx)= E E^'^'l^'^^^>^(^2), xe>^,\iS^^ie'/')US^^{e'/^)), 

i=-ij=o (2.2) 
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i=i-/3in(ex) i=o V ^ / (^2.3) 

where a;*" = x'^^ = {x — x^^^)*, j3in = 1, /S^x = 0. Let us clarify the form of the 
leading terms in (2.1) and (2.2). The formal limit of ipl^{x, k) as e ^ and k ^ ko 
implies that 

(x, k) ^ i?o"'°'V(0)V'(a;). (2.4) 

On the other hand, in [4] it was shown that for ko G 'EY^\E'^'^, the generalized 
eigenfunction converges to the eigenfunction ip (continued by zero outside Q*"), 
and for ko e E'='*\S*'^, "in principle" it is represented by 

1 / 2 

sm{kot) (2.5) 



£1/2 \\uj\h 

in He and by zero outside Xg. Therefore, for ko G S|'^nS"^'', it is naturally to expect 
that the leading term of the generalized eigenfunction is a "linear" combination of 
ip and (2.5). By the latter we arrive at the leading terms indicated in (2.1), (2.2), 
and, in particular an equality 

w-ifi{t) = b-ifism{kot). (2.6) 

Moreover, t/j being normalized, and the norm of (2.5) in L2(xg) equaling one, too, by 
(2.4), (2.6) and by an assumption (that will be justified below) the conserving of the 
normalization for the leading term of the generalized eigenfunction's asymptotics, 
for the case considered in the paper, we obtain the equality 

(i?r°'V(o))V^^^ = i. (2.7) 

The boundary value problems for the coefficients of the series (2.3) are derived 
by a standard substitution ([4,7]) the series (1.7), (2.3) into (1.1) for F = 0, and 
by passing to the "interior" variable ^ = x^'^'-'^^^e^"^: 

i-4 g-1 

Avij = -klvi-2,j -^Yl \,t'"i-q-4.,j-t, C e 7a;, =0, ^ G d^f^, 

q=l t=0 

(2.8) 

where Xq^t denotes the coefficients of the series Ag = — ko in front of In* s, 

7a, = (cc; X (-00,0]) U{e : 6 > 0}, 

and the upper indexes for Vg"/^^^ are omitted. 

Since the coefficients of the series (2.2) depends on X2 only (but considered as 
functions defined on Xg),then substituting the series (1.7) and (2.2) in (1.1), for 
F = 0, we obtain the ordinary differential equations for Wj^f. 



i+l q-l 

i,j{x2) + klwij{x2) + XlXl K,tWi-q,j-t{x2) = 0, -h < X2 < 0, 

q=l t=0 
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whose solutions are functions 



Wi,j(x2) = - TT / (^0 {X2 - t)) Wi-qj-t{t) dt 

'^O q=l t=0 -^-h 

+ bij cos(/coa;2), j > 0, 



(2.9) 



where bij are arbitrary constants. Hereafter, the coefficients of the series (2.2) are 
chosen in accordance with (2.9). One can see, that in this case 

woA't) ^n,okob-i,o (^cos{kot) +hcos{kot) - sin(/cot)^ + 6o,o cos(/cot). (2.10) 

Let p — \^\, Pj{$,) he homogeneous polynomials of order j, and Tj(^) be homoge- 
neous functions of order j represented as Pj+2g(C)p~^^ for some integer q > 1 and 
satisfying the boundary condition dTj{^)/d^2 = as ^2 = 0, ^ 7^ 0. Denote by Aj 
the set of series of the form 



q=—oo n=0 

Next, we indicate by W£{x) the series (2.2). Let us define the "re-extension" operator 
j^in{ex) summation U{x,s) of the form W£{x) and V'e"^^^^(a^) Te); where 

is an arbitrary function with the asymptotics (1.7), in the following standard way 
([7]). We expand the coefficients of t/(a;,£) in powers of — >• and pass to 
the variables ^ = (if U{x,e) = •i/'g"*'^^'*(x, Tg), the function Tg is replaced 

by its asymptotics series). In the double series obtained, we take the sum of terms 
In* £$(0 for j < q. Exactly this sum is denoted by K^"^^'' ^(x, e)). 



We indicate 



g'^ik) = hm { G-(x, 0, A;) + ^ Inr + ^^^-^ , , 



a;^0 Y TT k^ — kQ 

g'^'^ik)^ lim (G''''{x,x^^\k) + -\n\x-x^^^\), 

x^x(O) \ TT J 

and by {p,9) we denote the polar coordinates. The definitions of Ws, 
^m(ea;)^ the equalities (2.6) and (2.10) and the asymptotics of the Green functions 
and of their derivatives (see, for instance, [14]) lead as to 

Lemma 2.1. Let Tg be an arbitrary function with asymptotics (1.7). Then for any 
integer N >0 the equalities 



N 



N 

i=o i=o 
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hold, where g A[(i-jy2]! and W^^^'^^^ are polynomials [(^ + 1 — j)/2]-th 

order. 

The representation 



Trin(ex)/-^\ 2/co v"^ j-,in(ex),t,t 7 ^ -, 

n.. = f;aa3.(^-i)!^, 



are valid, where y^'^^^^') qj-^ independent on Tq^s, ^q-i,s and a^^J^l^]^ for q > i and 
s > j, 

W:^i^2) = T,+i,i6-i,o/i + wiu^^) = i-^rbi,i, 

W^^j (6) = W^fe^,^- (6) + (-l)^6fc J , > i, 

where W™'^'^^^ are independent on Tq^s and hq^s, for q > i and s > j, and a"^^^^^ 
are some constants. 



The series y.*^*^^^) (and, hence, the series y.*"^^^) ^ A[(i-j)/2]) are formal as- 
ymptotic solutions to the boundary problem (2.8) for p —>■ 00, ^2 > 0, where the 
functions Vq^t are replaced by V^}^^^ . 

// VFq = 0, then W^^^'^^^ (therefore, and Wj^^'^^^ ) are formal asymptotic solu- 
tions to the boundary problem (2.8) for p — >• 00, ^2 < 0, where the functions Vq^t 
are replaced by W^^}"^^^ . 

In order to match the series (2.1)-(2.3), it is sufficient to show the existence of 
the solutions to the boundary value problems (2.8), whose asymptotics at infinity 
are y/j^^^) for ^2 > and W-f""''^ for 6 < 0. Let = //q < Pi < P2 < - be the 
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eigenfrequencies of the Neumann problem for the operator —d?/dt^ in the interval 
a;, (3q{t) be the associated eigenfunctions normalized in L2{u)). We ill employ the 
symbol Bq^n for the set of series 

oo 

m) = Rf^ (6) + E ^ (Ci) exp{/x,6}, 

where R^l^\t) are polynomials of order i. For negative n, iSg^^i denotes the set of 
polynomials of order q. We set B = Un,qBq^n- We denote by Am the set of functions 
from C'°°(7a;)nVF2^;^p(7t^) satisfying the homogeneous Neumann boundary condition 

on d^^jj and having differentiable asymptotics from Am and B at infinity for ^2 > 
and ^2 < 0, respectively. Matching of the series will be proved by using Lemma 2.1 
and the following statement proved in [4]. 

Lemma 2.2. Let f E An and the series V G An +2 be the formal asymptotic 
solution of the equation AV = / for p co, ^2 > 0, and the polynomials W{^2) 
satisfy the equation AW = f + o(l) (or the equation W" — f + o{l), what is the 
same) for p — > 00 and ^2 < 0. 

Then, there exists a function v e An+2 that is the solution of the boundary value 
problem 

^v = f, ^e^^, — = 0, ee^Tu, (2.11) 

ou 

and has the following differentiable asymptotics as p —> 00 

^(0 = n6 + olnp + f:,^^, e2>0, 

i=i ^ 

v{0 = W{^2) + qo + 0(^2^ exp{//ie2}), 6 < 0, 

where M >0, qo and Ci are some numbers. 

There exist functions X E Aq and Y E Ai that is harmonic in 'j^j and have the 
following differentiable asymptotics at infinity: 

X{0 = ^2 + + O (exp{/xie2}) , 6 < 0, 
X(0 = c.lnp + f;c+^^, 6>0, 

r(0 = g'^ + O(exp{pie2}), 6<o. 

For = —(jU+, taking in account evenness, one can see that the constants q'^ 
and c^ equal zero. Thus, it is clear that, in the general (nonsymmetric) case: 



= 0, q' 

2 

It is easy to establish the equalities c^^ = 7r~-'^|a;|, q^^ = 7r~-'^|a;| (in (2|a;|7r~-'-) — l) by 
using conformal mapping of a strip onto 7^^ (see, for instance, [4,15]). 

We denote by vl^^^^\x^"'^^^^ / e) the series (2.3), and by vl^j;J^^\^) their partial 
sum and come to prove the key statement of the present work. 
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Theorem 2.1. There exist a function Tg with asymptotics (1-7) and series (2.1)- 
(2.3) such that the coefficients v'^^^^^ e v4[(j_j)/2] are the solutions of the recurrent 
boundary value problems (2.8), the coefficients Wi^j are defined by (2.6), (2.9), and 
for any integer N >0 the following differentiable asymptotic equalities hold: 

K^<l^\w,{x)) = (0 + 0(e^/^^f- exp{^ie2}), 6 < 0, 

(2.12) 

</r^(V'r^^"n^,T,))=<35,72^(0, 6>0, p^oo, (2.13) 
and for the coefficients of these series the following representations are true: 

bo,o = 0, ^ i?j,"'°'V'(o), = i-ir^'K'''', 

„,ex _ 2fcoTi,o ex,0,0 _ 4fco in,0,0 ^ , x 

^1,1 = Z -^0 ' ^2,1 - 7 7—^0 ' y^-^V 



7T 



r,,o= ^^^^-^..^ X 



Ti,o6-i,o/^ + i?r'"'V(0) 



Proof. Setting 6o,o = 0, due to Lemma 2.1, we achive the equalities (2.12), (2.13) 
for the index " = 0. Similarly, taking Vq^q as in (2.14) and putting the 

additional condition 

<'°'V'(0) = Ti,o/i6_i,o, (2.15) 

where ilg^'^'^, ti^q and 6_i^o are some constants unknown yet but satisfying (2.7), 
due to Lemma 2.1 (and also due to value of 6o,o defined above) we get the equalities 
(2.12), (2.13) for the index "m" as A?" = 0. This was the "zero step" of the matching 
procedure. 

At the next step, by virtue of definition Wl"^^^ V^^'"^^ , we put 

^i^o = 6-i,oA;oX + A\^^, 

vt% = i-ir+'b_,,okoX + Al% 

where A^^^q^^^ are some constants unknown yet. It is easy to see that these func- 
tions are the solutions of the boundary value problem (2.8). Setting the (power) 
asymptotics of the functions v]^"q^^^ as p — > oo and ^2 < equal to WI^q'^'"\ due to 
Lemma 2.1 we obtain the equations 

{-l^+'b.^,okoq. + Al^o = ("l)"^^>i,o, 

b-i,okoq^ + Al'^o = b_i,oh Qti^o + T2,o^ + 61,0, (2.16) 

Similarly, setting the asymptotics of the functions v^^q'^^^ as p ^ 00 and ^2 > 
equal to the series V^^^^^^ up to the terms 0(1) inclusive, we obtain the equations 

2 

b-i,okoc^ = -A;oTi,o-Ro"''°'°» (2-17) 

TT 
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fcoc^ = -fcoTi,oi?o''°'°, (2.18) 

V'(0) - 2fcori,o<'°'V"(fco) = Ai'},, (2.19) 
- 2koT,,oRo''''''g^%ko) = Al% (2.20) 

where J^q"'^'*^ is one more unknown constant. From (2.17) and (2.18) we get the 
value (2.14) for i?Q^'°'°, while (2.20) determines the constant Af^Q. Solving the 

system of the equations (2.7), (2.15), (2.17) we get the formulae (2.14) for R^'°'°, 
b-ifi and ti^. We stress the calculating the latter quantities finally determines the 
constants Rq^' ' , Af^Q, 

h,o = ko (2Ti,oi?f,"'°'°^^"(/co) - &-i,oga>) (2.21) 

and the function vf^Q. Also, the function vI^q is determined up to the additive 
term A^^q, which satisfies equation (2.17). Moreover, setting the asymptotics of the 

functions v]^q^^^ as p ^ oo and ^2 > equal to the series V^^^'^^^ for the other 
degree, we determine IIq^q'^^-' (i.e., the coefficients of the higher derivatives for the 
polynomials ^*"'(e^)'2«.o-j^ And, finally, putting 

in — 2^0 pin,0,0 

Vii = Kq Ti,o, 

TT 

and defining vf^^ in accordance with (2.14), and setting the "asymptotics" of these 

functions equal to the "series" Vll^"''^ and to the "polynomials" W^'"/^^^ as ^ > 
and ^2 < 0, respectively, we obtain the equalities (2.12) and (2.13) for = 1, and 
get the value (2.14) for r2,i (simultaneously determining 6i^i). This was the first 
step of the matching procedure, which in addition to the equalities (2.12), (2.13) 
as A = 1 gives two equations (2.16) and (2.19) to three constants R^^^' ' , Af^Q and 
T2,o unknown yet. 

In the second step, by V.^^^^^^^ and W2^q'^^\ we determine the solutions v^q^^^ 
of the boundary value problem (2.8) as 

>in,0,0„;,//-i\„;, rr\W i Ain „,ex Aex 



= i?r'^''>(0)^.,(0)y + A- , t;- = Al^o. 

where ^3^0^^^ some constants. Setting the asymptotics of the functions v^^q^^^ 
at infinity as ^2 < equal to VFg^*-^^^ , we obtain the equalities: 

Ato + <'°'V(0)V'xi(0)9" = b-^,oh f ^T2,oTi,o + T3,o) + h,0, 

^ (2.22) 

= (-1)^62,0. (2.23) 

Similarly, setting the asymptotics of the functions v^q^^^ at infinity as ^2 > equal 
to 0*^'^^'* up to terms 0(1), we get the following equalities: 

Ti,oi?r'''° + r2,oK'''' = 0, (2.24) 
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Ti,oi?o"'''° + T2,oi?r'°'° = 0, (2.25) 
- 2kog^^{ko) (ri,oi?r'''° + ^2,0^?^'"'") = ^^2% (2-26) 
4\oi^\0) - 2kor{ko) {t,,oK'''' + r2,oK'''') = (2-27) 

From (2.25) and (2.26) we obtain y4.2^Q that, due to (2.23), determines 62,0- Further- 
more, solving the system of the equations (2.16), (2.19), (2.24) (bearing in mind 
the equahty (2.21), too), we determine T2,o in accordance with (2.14), and also get 
the constants Ri""'^'^ and A\\ The coefficients and T2,o having been de- 

termined, first, from (2.26) we obtain i?Q^'"'^'°, and, second, setting the asymptotics 
of the functions v^^q'^^^ at infinity as ^2 > equal to ¥'2^^'^^^ (for the other terms) 
we define all coefficients of the series II^'^q'^*^ (i.e., the leading coefficients of the 

differential polynomials ^ > 2). The equations (2.22), (2.27) are 

analogue of the equations (2.16) and (2.19) for determining (in the next step) the 

constants A^^q, t^^ and al^Q q. 

The subsequent proof is carried out by induction. Before beginning the (A^, A;)-th 

. 1 I • 1 r 1 11 -nin(ex) -r^ riniex) -f Tin(ex) in(ex) in(ex) 

step, where fc is a degree of Ine, aU llq-2,s , Wq,s \ Vq,s aq-iJ,Q, ^q-i,s, Vq-2,s ^ 
■^g-i,s dis q < N and s < k have been determined, and the functions g are 

determined up to additive terms g, meeting the following equations (analogue 

of (2.22) and (2.27)): 



a 



N-1,8 



s<N-l, 



(2.28) 



where BY}_i g and C1^_i ^ are some completely defined numbers. In the (A*", s)-th 
step, where s < A'', by W^^^^^ and V^g^^\ we determine v^^^^^^ as 

in{ex) ~in{ex) . iin{ex) 

where A^^^^^^ are some undetermined constants and v^^^^^^ are the solutions of the 
boundary value problems (2.8) with the asymptotics: 

^^n(ex) ^ ^^n(ex) ^ j^Mex) ^ ^^^^^ ^ 

where D^^^^^\ E^^''^^^ and F^^^'^^ are also completely defined constants. The 
existence the such functions follows from the statement of Lemmas 2.1 and 2.2. 
Setting the asymptotics of the functions I'jv i'^^'* as p — > oo and ^ < equal to the 

polynomials W^g^^\ we obtain two equations: 

^N,s + D'^,s = b-i,oh Qtjv,.ti,o + Tjv+i,.^ + bN,s, (2.29) 

A'j^,s + D%^,s - i-^rbN,s. (2.30) 
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Similarly, setting the asymptotics of the functions v'^^^^^ at infinity as ^2 > equal 
to the series V^'f^^ up to the terms 0(1), we get the equalities: 

(n,oa^_i,s,o + '^Af.s-^cT'"'") = ^N,s-> (2.31) 

^ (Ti,oa?f-i,.,o + TAr,.i?r'°'°) = E%^,s. (2-32) 

- 2fco^-(fco) (ri,oa^"_i,3,o + Tiv,.^?^'"'") = (2-33) 

<.,oV''(0) - 2/co^-(/co) (ri,oai^_i,,,o + riv,.<'°'°) = 



(2.34) 



From (2.32) and (2.33) we obtain what, due to (2.30), defines hN,s- Fur- 

thermore, solving the system of the equations (2.28), (2.32), we get tn,s, t^iv-i s 
and ^jv-i 8- '^^^ coefiicients aj^-i s ''"^.s having been determined, first, from 
(2.33) we obtain q, and, second, setting the asymptotics of the functions v'^^g^^ 
at infinity as ^2 > equal to the series V^'f^^ (for other terms), we get all coeffi- 
cients of the series Il^i^^^^^. The equations (2.29), (2.34) are analogue of (2.28) for 
the (iV + l,s)-th step. 

The same procedure repeats in the (A^, s + l)-th step (if s + 1 < A^). In the 
(A*", A^)-th step the situation is simpler. In this case. Lemma 2.1 implies that 

in — ^'^0 r,in,t,t i u \ u 

'^N,N = 2^ -n-O Tk-t,k-t-l — 'TN+l,NO-i^on + OtV.AT, 

(2.35) 

^,ex — r/ex,t,t _ / -i 

N = / V -^0 ^k-t,k-t-l — [-i-) ON,N- 

t=0 

Solving (2.35), we obtain bN,N tn+i,n- Theorem is proved. 

We stress that in Theorem 2.1 it is constructed two asymptotic series correspond- 
ing to Ti,o = (-l)'^V(0)(|a;|/2/i)^/2, n = 1, 2 (or Rl'''^'^ = (-1)^^(7^2-1/2, which 
is the same). Moreover, from the formulae (2.14) it follows (in the formal level, for 
now) the formulas (1.8) for ti^q and T2,i, and the equality 

rS = (^ (in (^) - 1) - i'/'^m - *o (r{ko)+S-{ko))) . 

Employing this equality and taking in account that Im(7*"(/co) = 0, Img^^{ko) = 
koa (see, for instance, [14,16]), we obtain the formula (1.8) for ImT2,o- Finally, from 
(2.14) it follows that the leading terms of the series (2.1)-(2.3) has the form indi- 
cated for the functions ^i"'^ in the statement c) of Theorem 1.1 in the corresponding 
domains. 
Denote 

/ i=0 j=0 
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\ ' i=0 j=0 

/ / I ™in \ \ / „m \ / /I ™ex \ \ 



^ j «^£,iv/2(a;), 



where wm,s is the partial sum of the series (2.2), is a smooth cut-off function 
equaUing to one for t > 2 and vanishing as t < 0, and the index n = 1, 2 in the left 
side corresponds as two series of the asymptotics and it is omitted in the right side 
for sake of brevity. From Theorem 2.1 by standard way (see, for instance, [17]) it 
follows 

Corollary. Let the asymptotics of the function Ts^^ and the series (2.1)-(2.3) 
satisfy the statements Theorem 2.1. Then 

(a) il)^J^l^{x,k) E C°°(Oe) is a holomorphic function from W2 ig(.{^e) which, for 
Imfc > 0, satisfies (1-2); 

(h) '0^"^(a;^/c) is the solution of (1-1), where F{x, k) — F^^^{x, k) is a holomor- 
phic function from L2(M^), suppF^^Ar C U 5»"(2£V2) y gex{^2s'^/2^ 

\\F^:k-A''^) \\L.m<CNe''\ 
where N\ increases unboundedly with N . 

From the explicit form (2.14) of the leading terms of the asymptotics also it 
follows that 



':^(«.'-<»>)|U,(o.nsm)^l, / V5(x,rl'>)^5(a;,r<^l)dx^0 



nsnS(T) 

(2.36) 

as £ — > for each T sufficiently large. 

The formal construction of the asymptotics is finished. 

§3. Justification of the asymptotics 
From [3] it follows 

Lemma 3.1. There exist 

(a) not more than two poles ri"""* converging to ko G E^" fl E^'^ as e 0; 

(b) if Te^^ 7^ 'Te^\ then, for each pole, there exist only one generalized eigenfunc- 
tion. 

In its turn, following [1,16] and using Lemma 3.1, it is easy to prove the following 
statement. 

Lemma 3.2. Let ko e E^" n E^^, F e L2{M.'^) and suppF C S{R). Then 

(a) for small e and k close to ko, the following uniform estimate holds for the 
analytic continuation of the solution of the boundary value problem (1.1), (1-2): 
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which is independent of that poles Te coincide or not; 

(h) if Te^^ T~e^\ then the statement (h) of the theorem 2.1 is true, and, for 
small e and k & K close to ko, the following uniform estimate holds 

(c) if Te^^ ^ ri^^ and for T > sufficiently large 



1 



then ||*i"^||L2(nenS(fl)) ^1 as e ^ 0. 

Proof of Theorem 1.1. Validity of the statement a) follows from the statements 
(a) of Lemma 3.2, Corollary of Theorem 2.1 and the arbitrary choice of A^. Since, 

Te^^ 7^ Te^^ validity of the statement b) follows from the statement (b) of Lemma 
3.2. Furthermore, from the statements (b) of Lemma 3.2, Corollary of Theorem 2.1 
and the arbitrary choice of A?", it follows that in representation (1.9): 

*(-)(a;) = a„(e)V'i")(x), (3.1) 

where ■i/'i"''' has the asymptotics (2.1)-(2.3), whose coefficients satisfy the statements 
of Theorem 2.1, and oin{£) is a some scalar normalizing multiplier. In their turn, 
from (2.36) and the statement (c) of Lemma 3.2, it follows that 

a„(e) = l + o(l), £^0. (3.2) 

Due to (3.1), (3.2) and (2.14), we obtain validity of the statement c) of Theorem 
1.1. Theorem is proved. 
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